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Minkowski Space and Lorentz Transformation

Difine the Minkowski contravariant 4-vector as:

xt = (x% = ct, %), (1)

and the Minkowski covariant 4-vector as:

with the metric tensor

gw=0 if pu#v;, —go=g1=g2=g3=1 (3)
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A linear transformation on the x# given as follows

x* = A (4)

is called Homogeneous Lorentz transformation ( HLT ), or
simply LT if the following condition is met:

x'“x{l = x# (5)
or in matrix notation as
ATgh=g o ATg=gAl (6)
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Since there exists an identity Lorentz transformation,A = I,
and an inverse Lorentz transformation, A1, namely both |
and A1 exist.

Therefore LT forms a group SO(3,1) because:

(A1A2) Tg(A1A2) = AJA] gA1A; = g. (7)

The condition detA = 1 is automatically satisfied. We shall
only consider the proper LT in which A8 > 1 in this lecture.
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Since the condition AfgA = g provide 10 constraints among
16 matrix elements of A, the remaining 6 independent
coefficients serve as the 6 group parameters, specified as

A = A(6,¢) and

(61,62,6%) = rotation, (8a)
( 62,63) = Lorentz boost. (8b)

6=
3
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Generators of Lorentz Group

The generators of the group are given:

9 -
A= A0, Bi=SAGD,  (8ab)

For the Lorentz boost along 1-axis with angle ¢,

cosh —sinhg 0 O

| —sinhg coshg 0 0
A= 0 0 10 (9)

0 0 01

where & = tanh™! B and
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0 -1 00
1 0 00
Bi=10 0 00 (102)
0 0 00
similarly,
0 0 -1 0 0 00 —1
0 0 0 O 0 00 O
B2=1_10 0 o Bs=10 00 o
0 0 0 O -1 00 0
(10b,c)
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And for the generators if rotation, we have

00 0 0
00 0 0
M=100 0 1 (112)
00 —1 0
and
000 0 0 0 00
~looo0 -1 0 0 10
and A2=1000 o0 =10 _10 0
010 0 0 0 00

Kow Lung Chang Lorentz Symmetry, Weyl Spinors, Chirality and Dirac Equation



SO(3,1) Lie algebra as:

[A,‘, Aj] = —6,’-;-Ak, [A,', Bj] = —6,’-;-Bk, (12)

Canonical formulation of algebra:

d d
W — M~ VT
M X ™ X 3, (13a)

[M;u/, Mucﬁ] — _gV,BMIM _ gW‘MV,B + gV“/\/]P.B + gV.B/\/]V‘"_
(13b)
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If we denote

1 /A 1 (A
L,-=§(7'+B,-), and R"—a(—‘3> (14a,b)

The algebra takes as

[Li Lj] = ief; Lk, (15a)
[Li, Ri] =0, (15b)
[Ri, Rj] = iefRu. (15¢)
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Irreducible Representations of
Lorentz Group and Weyl Spinors

Consider the finite dimensional representations, denoted by
(1, r) with the basis

|l,m)® |r,n) =|I,m;r, n) (16)
where
—I<m</Il, —r<n<r, and [, r= half integers.
(17)

The simpliest representation of the generators, an one
dimensional (0, 0)-representation read as

(0,0;0,0|L;]0,0;0,0) = (0,0;0,0|R;|0,0;0,0) =0, (18)
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(3, 0)-representation: left-handed-spinor

1

|§ m; 0, 0) (19)

(0, 3)-representation: right-handed-spinor

1
|0, 0; 5, n> (20)
then we have
1 1 1
[+ = 5o R =0 (0.212)
1 1 1
LEO'2) =0, R,-(O'Q) = 500 (0.21b)
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which lead to

1 [ 1 1
A0 éai, B> = 5T (0.22a)
1 [ 1 1
AI(O-Z) éo_“ Bi(O.z) =0 (0.22b)

and the 2-dimensional irreducible representation of Lorentz
group as
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As a quick check that
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then

00 = yi00e = (1)) (20

the Lorentz Transformation as

P1(x) — pi(x) = DEO@E, Dy (A~X),  (27)
Similarly if
e = vt =i (5) + w200 (9) = (B50)).

the transformation reads as

Pr(x) — PL(x) = DOD (@, (A7IX)).  (29)

Kow Lung Chang Lorentz Symmetry, Weyl Spinors, Chirality and Dirac Equation



SO(3,1) and SL(2,0)

SL(2,C) transformation in C?-space:

- (0)O)-()E) @

where

b

a
detL—'C d

':ab—bc:l, (31)

If we exponentiate L by a 2 X 2 matrix A, i.e.

L=eé? (32)
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Then we have the following proposition

Proposition 1.

If a matrix L can be expressed as L = e then

detL=el A (33)

Hence we ensure that

and
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The isomorphism of SL(2,C) onto SO(3,1) in Lorentz
transformation can be demonstrated as follows:

let
0 3 1 2
o _ —Xx + x Xt — IX
X =x Oy <X1_|_,-X2 _Xo_x3)v (36)
and
det X = (x%)? — X2, (37)

which leads to the Lorentz Transformation on X as
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because of the invariance of the length of the space-time
vector,

det X' = det X. (39)

As an example when (O’'-frame is boost along the 3rd axis, i.e.

lg l(;r
r_ 1035 10-3(': _ €2 0 €2 0
X' = 273X e (o JEETS B3 RO B CY

we regain the LT as follows

x"0 = cosh &x® — sinh &x3, (41a
X't = x1, (41b
X% = x?, (41c

x"3 = —sinh &x® + cosh &x3. (41d
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Chiral Transformation
JC = chiral operator, which is a discrete transformation
between left handed irreducible representations and the right

handed irreducible representations
It is an antilinear operator, i.e.

K(ap + bgp) = a"Kyp+ b* Ko, (42)

as well as an antiunitary operator:

(K. Ko) = (9. 9) = (¥, ¢)". (43)
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It is nothing to with the space-time coordinates, hence

K:A,'K:il = A, K:B,'Kiil = B;. (44)

but the operators L; and R; transform as follows

KLK = %Kj (AT + B,-) K'l=-R, KRK'=-L,
(45a,b)

therefore we reach the following proposition if the basis of
(3,0)- and (0, 1)-representation are abbreviated by

lj, m;0,0) = Ljm, (46a)
10,0, k, n) = Rgn, (46b)
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then

Proposition 2.

The vector KCLjm is the eigenvector of R? and R with
the eigenvalues j(j + 1) and —m respectively. While the
vector ICRy, is the eigenvector of L?> and L3 with the
eigenvalues k(k + 1) and —n respectively.

Since 2 = R?KC, KL = —RIC
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then we have

R2’Cij = ’CLzij :J(J + l)ICij'

R3’Cij = —’CL3ij = —mICij,
Therefore
’Cij = 'y(m)Rj_m.
Similarly
K:Rk,, = (SHLk,,,.

Hence we have

(I Ljm, K Ljy) = " (m)y(m') (R} —m, R — ) = (Ljmy Ljm).
(47)

or 7*(m)7(ml)5—m.—m’ =0m'm
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Take spinor for instance, we obtain that

= 'y(n)KlR%_ K:R n = (S(H)K:L%_n, (48ab)

NI=

m'

or
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Let us evaluate the following matrix elements

D;%n-??) _ (L%,m' eg'Z‘+E'éL%'m/) _ (;Ceg-»z\JrféL%,m,,ICL%’m)
= ry*(m’)'y(m)(eg"z‘+g'éf?% i R%'_m)
=y (m)D%2" () (50)
or
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Similarly,

=(oly )00 (e TGY) @

In order to be consistent with the LT for spinors, one chooses

N

D(O.

15)=8(3) = ~v(—3) = ~6(-3) =1 (53)

€= (_01 (1)) (54)

(4 e )

hence we have

and
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Spinor space and Co-spinor space

Let V(%,o) . left-hand spinor space | (56)
€ : (a=1,2) two left-handed spinor
A spinor in V(%,O)
V(%,o) : co-left-hand spinor space (57)
e : (a=1,2) two co-left-handed spinor

which is related to the left-handed spinor by

p=9Te’ = (¢r.91) = (¢". p*)e” = (p',9*)e ' (58)
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and the corresponding LT is given as

i LT i =y'Te ! = lPTDT(%,O)e—l (59)
= (e = pDOD*. (60)
Similarly the LT for the co-right-handed spinor is given as

¢l ¢ =¢'TeT = DO, (61)

Let us construct the 4-dimensional product space as

Vi e fP as basis (62a)
(f'f)

Vi éfP as basis (62b)
(f'f)
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then any element in V can be written

)

(

NI=

respectively as
(63)
and

- i 2
uzz) = [ 4 “1)_ (64)

It is obvious that the space-time matrix

0 3 1 -2
—X° + X Xt — X
X = xto, = . 65
transforms as an element of V(l i)—representation, while
213
X =eX*e ! (66)
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We are now in the position to emphasize the next proposition

Proposition 3.

An operator of the %,%)-representation acts upon
a vector of the (0, %)—representation yields a vector
of (%,O)-representation. Conversely an operator of
the % %)—representation acts upon a vector of the

(3,0)-representation will yield a vector of the (0, 3%)-
representation.

The proof goes as; If A € ( ) representation,
¢ € (0, 3)-representation, then

1

;7.;>;7’ZA’§’:D*)AD(%) (03)F = DGOy, (67)

I\J
=
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Hence we have a left-handed spinor, i.e.

1= Ag, (68)

Similarly that

" A E(' %) — representation,
i
n €(3.0) -

representation.

Therefore we reach as follows,

g |£> & = ALy = D(O,%)ACD(Q%)"'D(%'O)C - D(O.%)g
(69)
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Dirac spinor and Dirac equation
Since any Lorentz 4-vector with the construction

U=oudt, U= ozut, (70)

transforms as (1, 3)-representation and (3, 3)-representation
respectively. Therefore,

P,y = mocypy, (0.71a)
Py, = mocy, (0.71b)

hence we have

b 5) () =me() @
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If we define the Dirac spinor ¢4 as ¢, @ Py, then

(g %C) Pa(x) = mocypq(x), (73)

or

Kiaoﬂ i%g) O+ moc] pa(x) =0, (74)

which can be cast into

(i3 + 25 wa(x) =0, (75)
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with y# defined as

0 ol 0 1 ’ 0 —of
]’l: ¢ 0: l: .
= (o %) o =0 o) "=(0 7).

The covariant formulation of Dirac equation does not imply
that

’)’yay — r)/]’/la/]"

In fact that we have the following proposition.
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Proposition 4.

The gamma matrices y" are universal in all Lorentz frame,
namely the Dirac equation in another Lorentz frame, i.e.
the O'-system always takes the same gamma matrices
Y used in O-system. The equation in O'-system is ex-
pressed as

. mgcC
(wﬂa; + TO) Pl (x') =0.
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It can be proved by defining

D(6,§) = DO (6,&) & D398, §)

and multiplying it upon the Dirac equation as follows

(iDyD %9, + mTOC) Dipy(x) = 0. (77)
One can show that
Dy*D™1 = AlqY, (78)
and the Dirac equation in the new Lorentz frame, i.e. O'frame
reads as
. mocC
("9, + ) walx') =0, (79)

by identifying ¥4(x') = D(6,&)pa(x) = D(6,5)pa(A1X).
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Zero Mass Limit and Helicity of Weyl spinors

Last demonstration for zero mass limit in Dirac equation
0o P
(P oc> Ya(x) — mocipa(x) = 0. (80)
For the limit that m = 0, then

Py, =0 Py, =0. (81)

and p® = |B|, which implies that

(o IA))lPr = r, (o ﬁ)lP/ == (82)
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